We investigate the impact of intrinsic, kinematic and gravitational effects on high precision pulsar timing. We present an analytical derivation and a numerical computation of the impact of these effects on the first and second derivative of the pulsar spin frequency. In addition, in the presence of white noise, we derive an expression to determine the expected measurement uncertainty of a second derivative of the spin frequency for a given timing precision, observing cadence and timing baseline and find that it strongly depends on the latter (∝ t −7/2 ). We show that for pulsars with significant proper motion, the spin frequency second derivative is dominated by a term dependent on the radial velocity of the pulsar. Considering the data sets from three Pulsar Timing Arrays, we find that for PSR J0437−4715 a detectable spin frequency second derivative will be present if the absolute value of the radial velocity exceeds 33 km s −1 . Similarly, at the current timing precision and cadence, continued timing observations of PSR J1909−3744 for about another eleven years, will allow the measurement of its frequency second derivative and determine the radial velocity with an accuracy better than 14 km s −1 . With the ever increasing timing precision and observing baselines, the impact of the, largely unknown, radial velocities of pulsars on high precision pulsar timing can not be neglected.
INTRODUCTION
Pulsars are good celestial clocks due to their rapid and stable rotation. Routinely measuring the times of arrival (ToAs) of the pulses from a pulsar, which is known as pulsar timing, helps to determine a series of important pulsar parameters (e.g. Edwards et al. 2006) , describing the rotational, astrometric, and in some cases, the binary properties. Precise pulsar timing provides useful tools to probe fundamental physics, e.g. gravitational waves (Detweiler 1979; Hellings & Downs 1983) and theories of gravity (Damour & Taylor 1992; Stairs 2003; Freire et al. 2012) . Currently, several dozen millisecond pulsars (MSPs), which form Pulsar Timing Arrays (PTAs) (Foster & Backer 1990) , are observed regularly to search for gravitational waves in the nano-Hz frequency band (e.g. Jenet et al. 2004; Sesana et al. 2008; Lee et al. 2011; Desvignes et al. 2016; Reardon et al. 2016; Arzoumanian et al. 2015) .
To achieve these goals the highest possible timing precision is required and all other potentially measurable effects ⋆ E-mail:xiao-jin.liu@postgrad.manchester.ac.uk on the observed rate of pulsar spin need to be modeled. To achieve the former one can increase the time span of observations, or improve the sensitivity of the telescopes being used or building new telescopes, such as MeerKat (e.g. Keane 2017 ), Five-hunderd-meter Aperture Spherical Telescope (FAST, e.g., Smits et al. 2009b; Nan et al. 2011 ) and the Square Kilometer Array (SKA, e.g., Smits et al. 2009a; Lazio 2013; Keane 2017) . With this increased precision even more effects may become measurable.
Some of these effects will be due to the motion of a pulsar and its location in the Galaxy. For the first derivative of spin frequency, f , the pulsar proper motion (Shklovskii effect, Shklovskii 1970 ) and the Galactic acceleration (e.g. Damour & Taylor 1991; Nice & Taylor 1995) make noticeable contribtuions in may cases and their impacts have been well studied. The impact of kinematics and dynamics on the second derivative of the spin frequency, f , is less well studied. van Straten (2003) showed how the radial velocity of PSR J0437−4715 could contribute to the spin frequency second derivative, f , while Phinney (1992) investigated the dynamical influence of the ambient gravitational potential, such as that of a globular cluster, and its impact on the apparent f .
Here we consider the intrinsic, kinematic and gravitational contributions to f of MSPs with the aim of determining its overall amplitude and thus the effects on precision timing. Furthermore, we aim to find measurable quantities relating to the motion and the gravitational environment. The intrinsic component, f 0 , is due to the spinning magnetic dipole model for pulsar rotation (e.g. Lorimer & Kramer 2004) . For most MSPs, this component is small. However, a measurement of f 0 would constrain the braking index, and in turn the geometry and radiation properties (e.g. Beskin 1999; Michel & Li 1999) of an MSP.
One of the kinematic terms of interest is the radial velocity. Radial velocities are important in determining the full three dimensional motion of the pulsar through the Galaxy (see, e.g., Lazaridis et al. 2009; Bassa et al. 2016 ) thus useful in studying their formation and evolution (e.g. Freire et al. 2011) . As has been done for globular clusters (e.g. Phinney 1992 Phinney , 1993 Prager et al. 2017 and Freire et al. 2017) , the influence on f of the Galactic potential means that a measurement may provide new tools to constrain the Galactic structure (e.g. Christian & Loeb 2015) . The proper motion of MSPs is typically easily measured after just a couple of years of pulsar timing. However, because the radial velocity is inseparable from the observed spin frequency, it is not directly measurable. For pulsars in binary systems, the systemic radial velocity, i.e. that of the binary system as a whole, can be measured if the companion has suitable spectral lines to allow for orbital phase resolved spectroscopy.
The outline of this paper is as follows. We firstly present the expression of the frequency second derivative and introduce the different contributions in Section 2, then explain the pulsar sample and the numerical method used to compute the different contributions of f in Section 3 and finally discuss its application to constrain the pulsar radial velocity and the braking index in Section 4. Appendix A details the computation of the time derivatives of the position unit vector, Appendix B the transformation of the velocities between the local standards of rest and Appendix C the derivation of the measurement uncertainty of the frequency second derivative.
where ≡ indicates definition and the meaning of each term is discussed in Section 2.1 and 2.2.
Eqn. 5 is consistent with those derived by Damour & Taylor (1991) and Phinney (1992) , using the approximation that f 0 ≈ f . Expressions for f were derived by Phinney (1992, eqn. 3.1) and van Straten (2003, eqn. 3.28) and are also consistent with our derivation. We do however note that the numerical factor 2 in the third term of eqn. 3.1 by Phinney (1992) should be 1, and that the van Straten (2003) derivation does not consider acceleration and jerk. Furthermore, the tempo (Nice et al. 2015) and tempo2 Hobbs et al. 2006) software include an undocumented parameter to model a known radial velocity (N. Wex 1997, priv. comm.) .
Eqn. 5 and 6 are generic and depend on how the position, velocity and acceleration vectors are defined. Here, we are primarily interested in long timescale variations and hence define position and velocity between the Solar System Barycentre (SSB) and the position of an isolated pulsar or the binary barycentre in the case of a binary pulsar. This implicitly assumes that variations due to the motion of the observer around the SSB and the pulsar around the binary barycenter are either negligible or accounted for in the timing model.
Intrinsic spin-down
Pulsars are believed to be well modeled as spinning magnetic dipoles and thus lose rotational kinetic energy through the emission of magnetic dipole radiation. Moreover they may also be affected by torques associated with the radio emission processes. This energy loss leads to a slowdown of the rotation of the pulsar, and hence the intrinsic spin frequency derivative f 0 . Depending on the configuration of the magnetic field, the spin down will give rise to higher order spin frequency derivatives. Under the assumption that the spin down follows a power law, the spin frequency second derivative can be written as f 0 = n f 2 0 / f 0 where n is the braking index.
A broad range of braking indices have been predicted by different radiation models. In the case of pure magnetic dipole radiation n = 3, while alternative theories, including pulsar winds (Michel & Li 1999; Spitkovsky 2004; Tong & Kou 2017) , current losses (e.g. Malov 2017), evolution of the strength of magnetic field (e.g. Ho 2015) and change in the inclination angle between the magnetic axis and the spin axis (Tauris & Konar 2001; Johnston & Karastergiou 2017) , allow n to vary roughly from −1 to 5 (Ho 2015; Johnston & Karastergiou 2017) . Here the term braking process will be used to refer to all these mechanisms. For simplicity, in this paper we assume n = 3, which is adequate for our order-of-magnitude estimates of f 0 . f 0 is thus always positive as we use a n > 0.
The first term of Eqn. 4, 5 and 6 shows the modulations of the Doppler effect on the intrinsic value of f 0 , f 0 and f 0 . Since the typical velocity of millisecond pulsar is several orders of magnitude smaller than the speed of light, we can safely ignore the factor (1 − /c). Using the observed value of f and accounting for the kinematic effects (the ⊥ and a term) in Eqn. 5, the value of f 0 is available and f 0 can thus be obtained through f 0 = n f 2 0 / f 0 .
Kinematic corrections
The motion of the pulsar introduces several effects into the observed spin frequency derivatives, of which the Shklovskii effect, giving rise to f shk / f 0 = − 2 ⊥ /(rc), is well known. The Shklovskii effect also impacts f through the intrinsic spin frequency derivative, leading to the second term in Eqn. 6, f shk / f 0 = −2 2 ⊥ /(rc). If the proper motion µ and distance r to a pulsar are known, the transverse velocity ⊥ = µr and thus f shk / f 0 and f shk / f 0 can be computed.
The Shklovskii effect introduces two further contributions to the second derivative of the spin frequency. The first, term 4 in Eqn. 6, is f / f 0 = 3 2 ⊥ /(r 2 c), and depends linearly on the radial velocity . Interestingly, when using proper motion instead of transverse velocity, the term no longer depends on distance; f / f 0 = 3 µ 2 /c. As µ 2 is always non-negative, f takes on the sign of the radial velocity, and can be both positive and negative. The second contribution, term 5 in Eqn. 6, is f ⊥ / f 0 = −3 ⊥ · a ⊥ /(rc), and only depends on the transverse components of velocity and acceleration a.
As well as the contribution of the velocity to f we also need to consider the impact of acceleration and jerk terms, which give rise to f acc / f 0 = −a /c (term 3 in Eqn. 5), f acc / f 0 = −2a /c (term 3 in Eqn. 6) and f jerk / f 0 = − j /c (term 6 in Eqn. 6). Both acceleration and jerk depend on the gravitational potential in which the pulsar is situated. All the pulsars in our Galaxy are affected by the Galactic potential, while the motion of pulsars in globular clusters are also perturbed by the more dominant cluster potential (Phinney 1992 (Phinney , 1993 Prager et al. 2017; Freire et al. 2017) . Furthermore, pulsars in wide binary systems experience a long-term secular influence from the companions (e.g. Joshi & Rasio 1997 , Bassa et al. 2016 and Kaplan et al. 2016 . Since the effects due to globular clusters and distant pulsar companions are highly dependent on the particular systems, it is difficult to accurately estimate the contributions generally.
In the remainder of this paper we focus on the impact of the Galactic potential.
The Galactic acceleration is usually decomposed into the parts parallel to and perpendicular to the Galactic plane (Damour & Taylor 1991; Nice & Taylor 1995) , by using a Galactic rotation curve and the empirical K z force law (i.e. the acceleration perpendicular to the Galactic plane, see Holmberg & Flynn 2004) . In the computation of acceleration and jerk, using a spherically symmetric Galactic potential (Phinney 1992) can not capture the influence of the complicated Galactic structure (e.g. Reid et al. 2014) , while using the rotation curve and the K z force law (Holmberg & Flynn 2004) does not lead to the value of the jerk term. Here we combine the planar and vertical terms and compute a and j numerically by using a more realistic Galactic potential model as described in Sec. 3.
COMPUTING FREQUENCY DERIVATIVES
Computing the expected f for a given pulsar consists of three steps. Firstly, a Galactic potential model is required to compute the dynamical quantities including a and j. Secondly, f 0 is obtained through Eqn. 5 by using the observables r, ⊥ = µr, f and f . Finally, each component in f is found by using f 0 and by assuming a radial velocity.
Pulsars and Astrometric data
In this paper, we concentrate on MSPs observed by the PTAs. Rotational ( f , f ) and astrometric (α, δ, µ α , µ δ , π) parameters of MSPs timed by the European Pulsar Timing Array (EPTA), Parkes Pulsar Timing Array (PPTA) and the North American Nanoherts Observatory for Gravitational Waves (NANOGrav) are provided by Desvignes et al. (2016) (2016) (NANOGrav), respectively. In the case of NANOGrav data, rotational parameters are taken from Arzoumanian et al. (2015) and astrometric parameters in equatorial coordinates from Matthews et al. (2016) . Since several pulsars are observed by more than one PTA, we use data from all 42 pulsars timed by the EPTA, 6 out of 20 pulsars timed by the PPTA but not the EPTA, and 14 out of 37 NANOgrav pulsars not timed by either EPTA or PPTA. The total sample of 62 pulsars is given in Table 1 . This list does not include PSRs J0931−1902, B1821−24A and J1832−0836. Though these pulsars are timed by PPTA or NANOgrav, no significant proper motion has been measured for these pulsars. We note however that because PSR B1821−24A is located in a globular cluster it is likely that the timing will need to take into account an f contribution from the jerk due to the globular cluster potential.
Where available, we use parallax distances that have been corrected for the Lutz-Kelker bias (Lutz & Kelker 1973) as provided by Desvignes et al. (2016) ; Reardon et al. (2016) and Matthews et al. (2016) . For those pulsars for which a parallax distance is not available, we use the distance inferred from the observed dispersion measure and the NE2001 model of electron distribution (Cordes & Lazio 2002) .
The remaining parameter required to compute the f Table 1 . The pulsar parameters: columns are pulsar name, apparent spin frequency, distance and the distance type (inferred from DM or parallax), the proper motion, the predicted radial LSR velocity, the intrinsic spin frequency derivative, the radial acceleration term, two transverse velocity terms, the slope and intercept of radial jerk, the mixing term of transverse velocity and transverse acceleration. The superscripts in the pulsar names in the first column indicate the PTAs ( * for EPTA, ♭ for PPTA and † for NANOGrav) where the astrometric pulsar data came from. Numbers in brackets in the second row of the header are the orders of magnitude. contributions is the radial velocity . This parameter is unknown for all but the five pulsars listed in Table 2 where the radial velocity is measured through optical spectroscopy of their binary companions. To compute f and the motion of the pulsar in the Galaxy, we vary the radial velocity from −200 to 200 km s −1 , enough to cover the likely radial velocity of most MSPs. We note that is the radial velocity as observed at SSB. It will therefore be a combination of an intrinsic radial velocity and the radial velocity of the local standard of rest (LSR) of the pulsar. We find that for the pulsars studied here, the radial component of the pulsar LSR velocity is | LSR | < 80 km s −1 (see Appendix B and Table 1 ).
Numerically computing Galactic dynamics
We use the MWPotential2014 Galactic potential and the orbit integrator implemented in the GALPY software package by Bovy (2015) to numerically integrate the motion of each pulsar, using their known right ascension, declination, distance, proper motion and the radial velocity. The motion of the pulsar through the Galaxy, expressed in Cartesian Galactic coordinates, was calculated over a time range from −5 to +5 kyr. Each of these coordinates was fitted with a third degree polynomial to model the motion as a function of time and the polynomial coefficients were used to obtain the acceleration a and jerk j, besides the position r and velocity at time t = 0 kyr. Similar polynomials were fitted to the motion of the Sun over the same time range to obtain the relative acceleration and jerk between each pulsar and the Sun. Throughout our calculations we assumed a Galactocentric radius of R 0 = 8.34 kpc and a circular rotation speed of 0 = 240 km s −1 (Reid et al. 2014) , with the solar motion values by Hogg et al. (2005) .
The impact of field stars on f
Another possible contribution to the frequency second derivative can come from field stars, which may affect the pulsar gravitationally. The first impact is the gravitational jerk (the f jerk term), which can be approximated by f jerk / f 0 = −Gρ( s − p ) ·r p /c (Phinney 1992, section 3) , where G is the gravitational constant, ρ is the local stellar mass density around the pulsar, and s and p are the velocities of the field star and the pulsar, respectively. Using a Galactic mid-plane stellar density of ρ = 0.04 M ⊙ pc −3 (Bovy 2017 ) and assuming a spin frequency of 1000 Hz and ( s − p ) ·r p = 100 km s −1 , we find f jerk = −6 × 10 −32 s −3 . The second impact is f acc and can be estimated by f acc / f 0 = −2Gρ(r s − r p ) · r p /(r p c), where r s and r p are the position vectors of the star and the pulsar, respectively. Assuming a distance of 1 kpc for (r s − r p ) · r p /r p and a typical value of −1 × 10 −16 s −2 for f 0 , then f acc = 4 × 10 −36 s −3 . The third influence is f ⊥ / f 0 = −3 ⊥ · a ⊥ /(r p c). An upper limit can thus be set as | f ⊥ / f 0 | ≤ 3 ⊥ a/(r p c) = 3 ⊥ Gρ|r s − r p |/(r p c). Assuming ⊥ = 100 km s −1 and r p = 1 kpc, then | f ⊥ | ≤ 2 × 10 −31 s −3 . Considering the stringent requirement on the orientation of ⊥ and a ⊥ to maximize the value of ⊥ ·a ⊥ in f ⊥ , the expected value of | f ⊥ | should be much smaller than the nominal upper limit. Therefore, all three terms are generally much smaller than 2 × 10 −31 s −3 . Table 1 gives the values of the important intermediate quantities. We list the values of f 0 , a /c, 2 ⊥ /(rc) and 3 ⊥ · a ⊥ /(rc) as these terms are independent of the radial velocity. f depends on the radial velocity and only its factor 3 2 ⊥ /(r 2 c) is listed as it can simply be multiplied by the radial velocity to get its size. The jerk term f jerk = − j f 0 /c has, to first order, a linear dependence on the radial velocity, and to allow comparison with the other effects, we provide the intercept (at = 0 km s −1 ) and slope of − j /c with . Using the intermediate quantities, the f components in Eqn. 6 can be computed. The impact of field stars is generally much smaller than the other contributions to f and so are not included. Fig. 1 shows the value of these remaining components as a function of the radial velocity.
Magnitudes of f components

Expected measurement uncertainty of f
The timing ephemerides presented by Desvignes et al. (2016); Reardon et al. (2016) and Arzoumanian et al. (2015) did not fit for the spin frequency second derivative f . Hence, measured f values and their uncertainties are not available. To estimate the expected measurement uncertainty on f , given the other parameters in a timing ephemeris, we derive an analytical expression for σ( f ) in Appendix C. Under the assumption that the ToA measurements of a pulsar with a spin frequency f have equal, Gaussian root-mean-square (rms) uncertainties of σ rms and are equally distributed at a cadence ∆t over a timespan T, the uncertainty σ( f ) is . (7) To verify the validity of Eqn. 7, we used TEMPO2 Edwards et al. 2006 ) to simulate timing residuals and obtain the measurement uncertainty of f by fitting the residuals with an ephemeris that includes f . We performed simulations over various spin frequencies ( f from 100 to 1000 Hz), rms timing residuals (σ rms from 0.1 to 100 µs), cadence (∆t from 1 to 60 days) and timespan (T from 10 to 50 years), which confirm both the parameter dependencies and the constant found in the analytical derivation of Eqn. 7. The relation in Eqn. 7 is also consistent with that derived by Blandford et al. (1987) . Table 1 . The vertical blue shaded region marks the measured radial velocity and its uncertainty of the five pulsars in Table 2 .
Eqn. 7 shows that both the residual rms σ rms and the timing span T are dominant factors of the measurement uncertainty σ( f ). The smaller the residual rms or the longer the timing span is, the lower the measurement uncertainty will be. In practice, the real improvement of σ( f ) can be faster than the theoretical expectation, as with the timing span increasing, the residual rms can also be reduced due to the longer and probably better data sets. According to Eqn. 7, σ( f ) also depends on the cadence ∆t although the dependence is very weak. Since we did not specify the origin of f in the derivation, Eqn. 7 is applicable to estimate the measurement uncertainty of f caused by any process.
RESULTS AND DISCUSSION
The results shown in Fig. 1 , and listed in Table 1 , indicate that for the majority of the PTA MSPs, the radial velocity induced contribution to the second derivative of the spin frequency, f , will dominate for relatively large radial velocities (| | 50 km s −1 ). For pulsars with high proper motions, f can reach an order-of-magnitude of 10 −29 s −3 . In addition, the impact of braking processes for pulsars with low characteristic ages, like PSR B1937+21 and PSR J0218+4232, can also be significant, with values of 10 −29 and 10 −30 s −3 , respectively for the case where n = 3. The contributions from the perpendicular velocity ( f shk ), the Galactic acceleration ( f acc ) and jerk terms ( f jerk ) are generally less than 10 −30 s −3 , although f ⊥ and f jerk are likely to be comparable with f for pulsars with small predicted frequency second derivatives. For pulsars with large predicted frequency second derivatives, the dominant contributions to f are thus distinguishable and provide useful tools to probe the pulsar parameters, in particular the radial velocity and the braking index. Below we discuss the pulsars in the first group of Fig. 1 in an order of the potential magnitude of f . We compute the measurement uncertainty of f by using Eqn. 7 and assume no correlations in the timing noise.
Of the pulsars presented in Fig. 1 , PSR J0437−4715 may have the largest frequency second derivative. Due to its significant proper motion, the value of f for PSR J0437−4715 can easily exceed 10 −29 s −3 when the pulsar has a radial velocity | | > 12 km s −1 . We note that for PSR J0437−4715 the local standard of rest velocity already exceeds this limit ( LSR = 16.6 km s −1 , see Fig. 1 and Table 1 ). The PSR J0437−4715 ephemeris by Reardon et al. (2016) achieves a timing precision of σ rms = 0.3 µs over a timespan of T = 14.9 years. From the Reardon et al. (2016) ToAs, we determine a cadence of ∆t = 6.4 days, using 1.4 GHz ToAs taken on different days. With these timing ephemeris properties, one can achieve a measurement accuracy of σ( f ) = 5.4 × 10 −30 s −3 for the frequency second derivative of PSR J0437−4715 (see Eqn. 7). With this measurement uncertainty, a 5σ detection of f would constrain the radial velocity of PSR J0437−4715 to | | > 33 km s −1 , as f dominates over the other contributions.
Though PSR J0437−4715 has a bright white dwarf binary companion, the optical spectra of the white dwarf show no absorption lines due to its low surface temperature (Danziger et al. 1993; Durant et al. 2012) . Hence, the radial velocity of PSR J0437−4715 is unknown and pulsar timing may be the only available method to measure it.
Radial velocity measurements from their binary companions are available for the next two pulsars with possibly large f values (Fig. 1) . The first, PSR J1024−0719, has a radial velocity of = 185± 4 km s −1 (Bassa et al. 2016) , giving rise to f = 3 × 10 −29 s −3 . As the PSR J1024−0719 binary orbit has an extremely long period of P b > 200 yr (Bassa et al. 2016; Kaplan et al. 2016 ), the orbit is not modelled in the timing solution, giving rise to an observable frequency second derivative of f = (−3.92 ± 0.02) × 10 −27 s −3 (Bassa et al. 2016) due to the gravitational effect of the remote binary companion. This is about two orders-of-magnitude larger than the predicted f . Although the impact from the pulsar companion pollutes the measurement of f , the current measurement uncertainty of 2× 10 −29 s −3 is comparable with the predicted value 3 × 10 −29 s −3 , therefore f is important in the high precision timing of this pulsar.
The second pulsar is PSR J1909−3744, for which the measured radial velocity = −73 ± 30 km s −1 (Table 2 ) yields a predicted value of f = (−8 ± 3) × 10 −30 s −3 . The current EPTA timing observations of this pulsar span 9.4 years and have an excellent timing precision with rms residuals of 0.13 µs and a cadence of 8 days (Desvignes et al. 2016) . Equation 7 thus predicts a measurement uncertainty for the frequency second derivative of σ( f ) = 2.5 × 10 −29 s −3 . The timing baseline of PSR J1909−3744 was extended further in the recently released NANOGrav 11-year dataset by Arzoumanian et al. (2018) . The longer timing baseline of 11.2 years, with a comparable rms timing residual of 0.15 µs, improves the measurement uncertainty to σ( f ) = 1.8×10 −29 s −3 . Both data sets are not yet sensitive enough to measure f . Given the current timing precision and cadence, a 5σ detection of f due to the = −73 km s −1 would require extending the timing baseline by another 11 years, thereby decreasing the radial velocity uncertainty to 14 km s −1 .
Two other pulsars may have | f | > 10 −29 s −3 if their radial velocities are larger than | | > 77 km s −1 (for PSR J2124−3358) and 129 km s −1 (for PSR J1614−2230). The relatively poor timing precision of PSR J2124−3358 of σ rms = 3.2 µs over a 9.4 year timing baseline (Desvignes et al. 2016) limits the probability of a significant detection of f and hence places poor constraints on its radial velocity. The situation is better for PSR J1614−2230, which has σ rms = 0.19 µs over 5.3 years (Arzoumanian et al. 2015) . A 5σ detection of f would require extending the timing baseline to 25 years given the current timing precision and timing baseline, providing a measurement of radial velocities in excess of | | > 129 km s −1 .
The remaining four pulsars in the first group of Fig. 1 are PSRs J1721−2457, B1937+21, J1944+0907 and J2214+3000. As they have either a very large residual rms (σ rms = 11.7 µs for PSR J1721−2457 and 34.5 µs for PSR B1937+21 1 , see Desvignes et al. 2016) or a modest residual rms but with a short timing span (σ rms = 2.4 µs and T = 5.8 years for PSR J1944+0907 and 0.32 µs and 2.1 years for PSR J2214+3000, see Arzoumanian et al. 2015) , the current ability to measure the values of f in these pulsars is quite limited.
However, as we can see from Fig. 1 , the relatively young pulsar PSR B1937+21 may have a significant and dominant intrinsic second derivative f 0 . For a braking index of n = 3, the value of f 0 reaches 8.8×10 −30 s −3 . If the rms residuals can be reduced to σ rms = 0.3 µs and the timing span can extend from the current T = 24 to 35 years, then for a cadence of ∆t = 10 days, Eqn. 7 gives us a measurement uncertainty of σ( f ) = 1.2 × 10 −30 s −3 . It is therefore possible to measure f 0 when the braking index |n| ≥ 2 with a confidence level of 5σ and a non-detection can constrain |n| < 2. Although interpreting the strong value of f 0 of PSR B1937+21 may be problematic due to its significant and structural timing noise. Shannon et al. (2013) attempted to explain the noise structure by assuming an asteroid belt around the pulsar. The gravitational potential from such a proposed asteroid belt may contribute to f and can not be modeled by our analyses, making the estimated f 0 and consequently f 0 much larger than the real value.
Given the observed radial velocities of the three remaining pulsars in Table 2 , PSRs J1012+5307, J1738+0333 and J1903+0327 have small f of (1.3 ± 0.2) × 10 −30 , (−1.3 ± 0.5) × 10 −31 and (2.3 ± 0.7) × 10 −31 s −3 , respectively. Since PSR J1012+5307 has been timed for ∼17 years with a precision of σ rms = 1.6 µs, and PSR J1738+0333 has been observed for ∼7 years with σ rms = 3.0 µs (Desvignes et al. 2016) , for a typical cadence of 10 days, the current data are not sensitive to the f . Unless the timing precision is improved, extending the timing observations of these two pulsars for another 15 years will still not enable a measurement of the small f . For PSR J1903+0327, since the value of f is not only small but also dominated by the contributions of f jerk and f ⊥ , the expectation of measuring f due to its radial velocity is low.
CONCLUSIONS
In this paper we argue that the second derivative of the spin frequency, f , should be taken into account in the era of high-precision pulsar timing, as the timing baselines, precision and cadence have improved and will do so in the future. We derive the kinematic and dynamic contributions to the frequency second derivative f in Eqn. 6. The f = 3 µ 2 f 0 /c component can provide a novel approach to measure or constrain the radial velocity of a pulsar, which is necessary to construct the three dimensional velocity and the trajectory of the pulsar in our Galaxy. The three dimensional velocity of pulsars will aid in understanding their formation and evolution. The GALPY package (Bovy 2015) has been used to numerically compute the contributions to distinguish the impacts caused by the pulsar velocity from those by braking processes and the Galactic potential. Using the timing cadence, span and the rms residuals of ToAs, the measurement uncertainty σ( f ) for the frequency second derivative has been derived in Eqn. 7 and can be used to predict the detectability of f by directly comparing the value of σ( f ) and | f |. The analyses of σ( f ) and components of f in the pulsars monitored by EPTA, PPTA and NANOGrav have led to the conclusions below:
(i) For some of the pulsars studied in this paper, the frequency second derivative induced by the radial velocity can have a large value (| f | ≥ 10 −29 s −3 ) and may dominate the frequency second derivative if the radial velocity is moderately large (| | ≥ 50 km s −1 ). If f dominates, then a measurement of f can be used to detect the radial velocity, while a non-measurement can set an upper limit on the radial velocity.
(ii) Current long-term high precision timing datasets of some of the pulsars studied in this paper are on the brink of measuring the frequency second derivative induced by the radial velocity. For PSR J0437−4715, a f would be measurable with a confidence level of 5σ in the current data if the radial velocity | | > 33 km s −1 . If there is no detection by using the data from Reardon et al. (2016) then it may suggest that the radial velocity is less than 33 km s −1 . For PSR J1024−0719, although the measured frequency second derivative is mainly caused by orbital motion, the measurement uncertainty of this value is already comparable with the predicted value of its f . (iii) Continuing high precision timing of the PTA pulsars studied here would measure more f or impose stronger constraints on . For PSR J1909−3744, another sixteen-years timing at the current cadence and sensitivity would measure the f (5σ) and reduce the measurement uncertainty on from 30 to 7 km s −1 .
(iv) The intrinsic frequency second derivative f 0 of PSR B1937+21 may be important. For a braking index of n = 3, f 0 would be 8.8 × 10 −30 s −3 and dominate any observable f . If the rms residual of σ rms = 0.3 µs and a timing span of T = 35 years with a cadence of 10 days can be achieved, the f 0 induced by a braking index of |n| ≥ 2 can be measured (5σ), although the strong timing noise present in the timing data may hinder the measurement.
velocity of the pulsar with respect to the Sun can be obtained by accounting for their peculiar velocities and the Galactic differential rotation (e.g. Verbunt et al. 2017) . Here, we assume that the flat velocity curve of Galactic rotation applies for the Sun and the pulsars (e.g. Reid et al. 2014) . For the peculiar velocities, we use that from Schönrich et al. (2010) for the Sun and assume zero peculiar velocity for all the pulsars (i.e. pulsars rest in their LSRs). Next, using the velocity transformation between the equatorial and the Galactic coordinate system (e.g. Johnson & Soderblom 1987; Bovy 2011 ) and the definition of Galactic coordinate system from Perryman (1997, section 1.5.3), the pulsar LSR can be found and evaluated when given the distance and equatorial coordinate of the pulsar.
APPENDIX C: DERIVATION OF THE MEASUREMENT UNCERTAINTY
The rotational parameters of a pulsar in a timing model, during which the best estimates are defined as
where φ is the pulse phase and t 0 is an arbitrary reference epoch. To obtain a relation for the uncertainty on f , σ( f ), we follow the general linear least squares derivation by Press et al. (1992) , where we write the timing model as a polynomial φ(x) = 4 k=1 A k X k (x) with A = (φ(t 0 ), f , 1 2 f , 1 6 f ), X = (1, x, x 2 , x 3 ) and x = t − t 0 . The inverse of the covariance matrix of the fitting parameters is given by
where j, k ranges from 1 to 4, N is the number of the data points and σ i is the measurement error of the i-th data point x i . Therefore, the covariance between parameter A j and A k is cov(A j , A k ) = (B −1 ) jk , and the variance of parameter A j is σ 2 (A j ) = (B −1 ) j j . To connect the measurement uncertainty with the observational parameters, we assume that all measurements have identical uncertainty σ and spread evenly over a timespan of T at a cadence of ∆t. Setting the reference epoch t 0 as the centre of the time span, the i-th data point is x i = i∆t with i ∈ [−N/2, N/2], with N = T/∆t. Eqn. C2 then simplifies to:
Using Faulhaber's formula 2 to compute i j+k−2 in B jk , inverting B and considering N ≫ 1, the covariance matrix becomes 
